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Abstract 

A topological field theory is used to study the cohomology of map- 
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I INTRODUCTION 



Recently much attension has been paid on the study of topological quantum 
field theories. ^'^ In this paper, we discuss a topological field theory over 2- 
dimensional space S = IR x [0, 1] and give a field theoretic realization of 
the cohomology of the mapping space Clp^q{N) = {0 : [0, 1] — > N \ ^(0) = 
p, = q} for a Riemannian manifold {N,g), which arises as the BRST 
cohomology representing the physical Hilbert space. 

The techniques wc employ to evaluate the BRST cohomology are a mix- 
ture of Morse theory adapted to Op^^(7V) and instanton calculations — calcu- 
lations of tunneling between the perturbative vacua of the topological theory. 
This approach was initiated by Witten in finite-dimensional situations.^ Us- 
ing a super symmetric quantum mechanics, he introduced a new cohomology 
complex and provided a path integral method of computing the cohomology 
of a finite-dimensional manifold M. 

Let us summarize Witten's idea. Suppose we are given the following 
data concerning Morse theory: 

(M-1) a Morse function E on M, 

(M-2) the critical points of E, 

(M-3) the Morse index of each critical point, i.e., the number of negative 
eigenvalues of the Hessian of E evaluated at the critical point. 

Once we have these data, we can construct the perturbative vacuum 
for each critical point. The vacua are represented as forms on M, whose 
degrees are equal to the Morse indices of the corresponding critical points. 
Then we define, for each degree £, the vector space consisting of i-iorm 
vacua. Under fortunate circumstances (for example there are no vector 
spaces of odd indices), each vacuum becomes a generator of the cohomology 
of M. However, we must in general consider a coboundary operator S : 

— ^ X^+i such that 5 o 5 = &nd 

H*{M,M) = Ker d/lm 5. (1.1) 

This operator is interpreted as tunneling effects in a supersymmetric quan- 
tum mechanics and is evaluated by instanton calculations. 

After Witten's work, some examples were explicitly calculated along this 
program and further the mathematical justification was established in terms 
of operator method.^"^ 
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The main concern of this paper is therefore to describe a detailed con- 
struction of the coboundary operator when the manifold is taken to be the 
mapping space ^lp^q{N), which is infinite-dimensional. In what follows, we 
are going to apply Wittcn's idea to Qp^g{N), but before we proceed, let us 
clarify the data concerning Morse theory. 

(M-1) One can define a functional on i},p^q{N) as follows, 



This functional will play the role of the Morse function on Q,p^q{N) 
when two points p and q on N are not conjugate. 

(M-2) The critical points of E are the geodesies on N, where the gradient of 
E, grad£;[<^] = -Vj;|^, vanishes. 

(M-3) The Hessian at the geodesic cf) is the self-adjoint differential operator 
J4, : T{(t)*TN) — > T{(I)*TN) (Jacobi operator) defined by 



Here we have used the following conventions; (•,•) is the inner product 
with respect to the metric g, Vx the pull-back of the covariant derivative on 
TN and R the Riemannian curvature. 

This paper is organized as follows. In the next section we introduce the 
action of a topological field theory and discuss the instanton solutions, which 
are given by the solutions of a nonlinear heat equation. In section HI, we 
describe the Hamiltonian formalism; the cohoniology of the mapping space 
is identified with the BRST cohomology and the pcrturbativc realization is 
investigated using normal coordinates on the mapping space. Section IV is 
concerned with the tunneling between the perturbative vacua, in which we 
calculate the matrix element of the BRST operator between the vacua, and 
determine the coboundary operator of a cohomology complex. In section V 
we study a simple example to illustlate our calculations. The final section 
is devoted to concluding remarks. Some of the detailed calculations are 
presented in the Appendix. 




(1.2) 




(1.3) 
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II MODEL 



According to Langevin approach/^ we start with the action: 



So = \j^dtdx{K{4>,G),K{4>,G)), (2.1) 
K = G-^ + gvsAE[i>l (2.2) 



where in local coordinates, 



{K, K) = \G'--^ + grad E[<PY j [G^ - + grad E[<i>y j , (2.3) 

with grad£W = -^-r5,^^. (2.4) 

Here </> denotes the mapping ^ N and G G T{(j)*TN) the auxihary field. 
The above action describes a system with no dynamical degrees of freedom: 
a shift of the field G could eliminate all of the cf) dependences. In such a 
situation, the Batalin-Vilkovisky algorithm enables us to construct a BRST 
invariant quantum action. -"^^ A crucial feature of Sq is that it has a local 
symmetry given by 

= e\ 



where e* are local infinitesimal parameters of the transformation. 

The algorithm proceeds with standard calculations; here we simply quote 
the result. The gauge-fixed Euclidian action is Q-exact: 



S = j^dtdx{-^-{B,B)-{^-gY8AE[4>i B^ 

+ (^, vtv* - j<t>m) + \ (^, Rir.r)^)} 

= J^dtdxQ(^^,^- grad E[cl)] + ^B^ , (2.6) 
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with the BRST symmetry, 

QB, = -Bj ri, + R^iji r'r'- (2.7) 

Here B and ip (or ij:*) are the auxihary field and the ghost field in T{(j)*TN), 
respectively, and the covariant derivative, 

dih*' ■ d(j>> u 
Vtr' = ^ + T],^r\ (2.8) 

is the pull-back of the covariant derivative on TN . 

Furthermore, it is easy to see that the action is invariant (up to the 
surface term) under the discrete transformation, 

ijj^i;*, ^jj* B^B-2gr&dE[(t)] (2.9) 

and 

E[ct>] ^ -E[(t>\ (J^ ^ -J^) (2.10) 

at the same time. As a result, the action Eq.( |2.6| ) permits the second BRST 
symmetry Q* , which is obtained by substituting Eqs.( |2.9| ) and (2.1C) into 
Eq.dl^), 

Q*i}' = 0, 

Q*^j* = -B, + 2gij grad E[<py + V^ 
Q*Bi = 2Q* (gij grad Eicpy) - B, 



1 

h 

Using the equation of motion 6S/5Bi = 0, i.e. 



+ 2g,k grad T^, / + -^^^ 4, . (2.11) 



i?* = -^+gradi^M\ (2.12) 



we eliminate B and the action takes the form, 

S = J^dtdx{^ (^^, ^) + ^ (gradi5;[0], gradi?[(/>]) 

+ iij, vtr - Mr)) + \ (V', R{r,r)r}- (2.13) 



5 



Before going into the quantization, we here consider the classical solu- 
tions (instantons) corresponding to tunneling processes. The geodesies on 
N, where gTadE[4>] = 0, can be regarded as the degenerate minima of the 
potential term, 

1 /"^ 

V[(l)] = - dx (grad£;[0], gT&dE[(t)\) . (2.14) 

2 Jo 

Therefore, the relevant instantons are the steepest descent paths leading 
from one geodesic to another geodesic. They would be extrema of the 
bosonic part of the action, 

Sb = dtdx {1 ^) + i (grad£;[,^], grad£;[</.])} 

= J^dtdx{^(^^^gvadE[cj)], ^^gradi?[0]) 

±(^,gradE[<^])}. (2.15) 

Let us fix the surface term in the above equation: ^(t, x) G flp^q{N) for 
any fixed t. Then, the second term in iSs is rewritten as follows: 

= E[(l){t = oo)] - E[(f){t = -oo)], (2.16) 
and hence we obtain an inequality, 

Sb > I E[(P{t = oo)] - E[(j){t = -oo)] |. (2.17) 

The configurations that minimize the action are given by the solutions of a 
nonlinear heat equation, 

^ = ±gradE[^], (2.18) 
or in terms of the local coordinates, 

dt ~^[dx^ ^ ^''dx dx)- ^ 

In particular, the solutions connecting geodesies express the steepest de- 
scent paths, and we call positive (negative) gradient flows instantons (anti- 
instantons) . 



6 



The next step is to investigate the space of these solutions. However, the 
direct study of the nonhnear heat equation is quite difficult and in general 
one can only prove that the instantons exist globally. ^^'^^ Fortunately, for 
our purpose, the explicit form of the solutions is not necessary. 

For each geodesic 7 with the Morse index in i}p^g(N), we associate 

a var iety Vi^^ {Vi which is a union of the positive gradient solutions 
of Eq.( 2.18 ) departing from (arriving at) 7; V^~^^ {V^ ^) is a subvariety of 
codimension £^ (dimension i^) contained in ^}p^q{N). To see local expression 
for the varieties, let us consider the tangent space at 7. Using the exponential 
mapping, exp^(^.) : T^(^^-^N — > N, we write the general solution of Eq.( 2.19| ) 
near 7 as follows, 

(/.(t, x) = exp^(,)e(t, x), e(t, x) G r^(,)iV. (2.20) 

Substituting Eq.( p.20| ) into Eq.( |2.19[ ) and looking to the first order in ^, we 
see that must satisfy 

dt 

with the condition S,{t,0) = (,{t,l) = for all t. If we decompose ^ into 
eigenfunctions of J-y, 



^(t,x) = J^^(t,x), (2.21) 



e(i, x) = J2 C{t)eaix), JjCaix) = A„e«(a;), (2.22) 

a=0 



Eq.(2.21) reduces to 



^(i) = A«r(i) for all a. (2.23) 



These equations can be easily solved and determine the varieties V^^'* near 



Vjf+^ = exp^(,.) ( J2 e^" * e„(x)) for t ^ -00, (2.24) 

Xc>0 

14-) = exp^(,) ( c^-^ * e„(x)) for t ^ 00, (2.25) 



Ac«<0 



with constants 

Let J A and jb be two geodesies with the Morse indices £ and i + 1, 
respectively. Then, our assumptions are following: 



7 



(A-1) There exist finite number of instantons connecting with 7^. 

(A-2) V^'^ and V^^ ■* transversely intersect along these instantons. 
Under these assumptions we write the moduli space of the instantons as, 

Mab= U K^^nK};)) (2.26) 

intersection 

and deduce the dimension 1. 

(A-3) The tangent spaces along each instanton satisfy the transversality con- 
dition. This will be specified in section IV. 

Ill HAMILTONIAN FORMALISM 

In this section we discuss the perturbative vacua for the system. This will 
be done in the Hamiltonian framework. 

The canonical momenta and the Poisson bracket are readily read off from 



Eq.(|2l3D, 



and 

{(P\x),pj{x')} = 5'j5{x-x'), {ip*\x),i;j{x')} = 5i5{x-x'). (3.2) 
Then, the Hamiltonian corresponding to S can be written as follows, 

H = j\x{^{TT,7r)-^ (gradS[0], gradE[<P]) 

+ {^p, Mr)) - \ (V', Rir.r)^}. (3.3) 

where 'Ki=Pi + ip*^ ^pk- The BRST char ges are obtained by the Noether 
prescription and their action is given on using the Poisson bracket Eq. (l3.2| ). 
In fact we find 

Q= r dx {ip*,Tr-gTadE[4>]), (3.4) 
Jo 

Q*= [ dx {iP, vr + grad£;[0]) , (3.5) 
Jo 
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which satisfy the nilpotent condition, 

{Q, Q} = 0, {Q*,Q*} = 0. (3.6) 
The Hamiltonian Eq. (|3.3| ) may be rewritten as 

H = ^{Q,Q*}, (3.7) 

which is famihar with supersymmetric quantum theories. 

Now let us proceed to the quantization. The classical phase space 
will be identified with the cotangent bundle of ^ A*" {T*Qp q{N)). So 

r 

the quantum Hilbert space 7i is the space of form- valued functions, i.e., 
n = r(0 A"" {T*np^q{N))y Then the coordinate operators 0* and -0*' 

r 

act as multiplication and exterior multiplication on the wave functions, re- 
spectively, while the momentum operators pi and ipi act by differentiation. 
Pi ~ S/5(p^ and ■i/'j ~ 6/ 6^*^ (interior product on forms). 

We consider a local representation of the quantum Hilbert space. Let us 
first introduce a local coordinate system in Qp^q{N). For (pQ G 0,p^q(N) an 
exponential mapping, 

Exp^„ : T^,np,q{N)=T{cf>*TN) 17p,,(iV), (3.8) 

is defined by Exp^^^ {X) = expoX, where exp denotes the usual exponential 
mapping on N and the symbol "o" the composition of mappings, i.e., for 
X eT{<p*o TN), X{x) G r^„(,) N so that exp 0^(2;) = exp^^(,) X{x) G N. 
Using an orthonormal basis Cq, (a = 0, 1, ...) of T ((/)q TN), 

{ea, ep) = [ dx (eaix), ef^{x)) 
Jo 

= Sap, (3.9) 
we have a normal coordinate system (p = (^^, ^^,...) with origin 0o in 

00 

</> = Exp^JO=expo^ rea, ^ G T (./.^ TiV) . (3.10) 
Thus any wave function in 7i may be locally written in the form, 

-^^''K (3.11) 



to 



(r) 



E ^a^-aAOr'^'-'-r"'- eT{A'-T*npAN)), (3.12) 
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where we have identified d^" with ^/^*". 

The inner product on T {(p* TN), in the normal coordinate system cf) = 
Exp^jj (^), is expressed as 

G-P = ^) (3-13) 

f d d \ 

and the expansion of Ga/3 takes the form (Appendix), 

Gap = Sap-l C dx (i?(e„, ep) + Oif). (3.14) 

O JO 

Then G"^ = = (V"*", i^*^), which may be extended to H : First define 
a product, 

...^*"P^ = ^ er,...rpG"i'^'-i (3.15) 

ri,...,rp 

where (ri,...,rp) runs over (l,...,p) and 

^n-'-r-K = if I ' ' ^ I is even (odd). (3.16) 

It follows that 

^^(r)^^(r)^^ E '^«.-.(e)r?"^-"^(e) (3.17) 
cn<-<ar 

foru;W, 77W e r(A"r*J7p,g(iV)), (3.18) 
and a scalar product on 7^ is formally given by 

= 5,, IX{de^{u:^'-\r^^'^). (3.19) 

Now we discuss the BRST operators. These operators, which are quan- 
tum versions of Eqs.(|3.4]) and (p.5D, will be written in the form, 



Q=EV'*° V^+gradS[(A]c. , (3.20) 
Q* = E G'^^iOi^P + grad E[^]^ . (3.21) 



a=0 
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Here V_a_ is the covariant derivative associated with the metric G and 

9C« 



giad E[(p]a = (gr ad E[(l)], 



9e 



(3.22) 



/■I / d(p d 

Then, we have the following expansion (Appendix): 

gTadE[4>]a = f' dx{{gvadE[(l)o], e„) + (J^o(0, e«)} + 0(4^)^ (3 33) 
Jo 

By introducing exterior differential d and formal adjoint d*, 

00 

rf=Ev>v a : r(A^r*j^^,,(iv)) ^ r(A'^+ir*j^^,,(iv)), (3.24) 



a=0 
00 



d* = -EV'"V_a^ : r{A^+^T*n,,,iN)) r(A^T*J^,,,(iV)),(3.25) 



a=0 

the BRST operators is conveniently expressed as follows, 

and hence the quantum Hamiltonian is given by 

2H = QQ* + Q*Q. 



(3.26) 
(3.27) 



(3.28) 



These operators may be considered as an infinite-dimensional extension of 
Witten's cohomology operators in supersymmetric quantum mechanics on 
finite-dimensional manifolds.^ 

For the remainder of this section, we will discuss the physical Hilbert 
space TCpfiys- This is usually defined by the BRST cohomology: the condi- 
tion Q LOphys = 0, LOphys £ H and furthermore J^^^y^ = LOphys + Q ( • ) is 
equivalent to cophys- By using the following complex. 







A°r*j^p,,(iV) 



(3.29) 
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'^phys is expressed as follows: 

T-iphys = Ker Q/lia Q 
~ Ker H 

-Kerd/Imd (3.30) 

These isomorphisms show that TCphys is the vector space of quantum vacua 
or equivalently the de Rham cohomology H*{Qp^g{N)). 

We now investigate the quantum vacua by a perturbative approxima- 
tion. This is done by taking a normal coordinate system around each 
geodesic, which corresponds to the classical vacuum. Let 7 be a geodesic 
with the Morse index I and G r(7*TA^) (a = 0, 1, ...) a basis consisting 
of the orthonormal eigenfunctions of with the eigenvalues Aq < (a = 
0, 1, — 1) and Aq > (a > £). Using the expansion formulas Eqs.( |3.1'^ ) 
and ( 3.23| ), applied to the normal coordinate system (p = Exp^ {J2^=o^'^^a) 
where grad-E[7] = and J-y{ea) = AoeQ,, we have approximate BRST oper- 
ators in a neighborhood of 7, 

Qi = T.r''(g^ + Ke), (3.31) 

Q; = X: ^o(-^ + Aorj, (3.32) 
It readily follows that the corresponding Hamiltonian is 

^7 = E f- + (A^r)' + Ao[r", ^^a]] (3.33) 



0=0 



and the normalized vacuum state of H^, zero-eigenvalue function, is given 
by 

1 

n^ = Yl (My e-il^'^l«")'a;W[e], (3.34) 

where Li;^^^[e] is the £-form with negative-eigenvalue indices in the frame 
e = (eo,ei, ...), 

^W[e] =^*V^---V'*^"^ (3.35) 
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Let = {7/1/ = 1, 2, n(£)} be a set of geodesies with the Morse 
index L For each 77 G C^, we can assign a £-form vacuum Vt^^, which 
induces an orientation on the ^-dimensional vector space N('ji) C 

r {'jjTN) spanned by the negative-eigenvalue functions of Jjj. Then, Hphys 
is approximated by 

00 

Hphys ^ X', (3.36) 

e=o 

where is the n(£)-dimensional vector space spanned by 0,^^ . 



IV TUNNELING CALCULATIONS 

In this section, we evaluate transition matrix elements between the per- 
turbative vacua. These can be used to construct the coboundary operator 

Suppose we have an instanton (f)Q connecting two geodesies 7^ and 75 
with the Morse indices i and i + 1, respectively. As we saw in section 
II, the instanton has exactly one free parameter corresponding to the time 
translation. Then the vector field ^ is in the kernel of the operator, 

Vt - J^, : T{<Pl TN) T{ct>l TN) (4.1) 

and 

j^dtdx[^,'-^)=E[,s]-E[,A< 00. (4.2) 

This means that there exists one ghost zero mode, which forces the parti- 
tion function to vanish. An analogous situation appeared in supersymmet- 
ric quantum mechanics.^"^ So if we wish to calculate the nontrivial tran- 
sition between the perturbative vacua, we must take the matrix clement 
{^^g I Q |^^7^), in which Q absorbs the zero mode in the ghost path integral 
measure. 

Using the commutation relation [Q, f[<j)\ \ = df[(j)] for any functional f[(j)], 
and the fact {^jj] dflcf)] — f[yi] {I = A,B), we get 

{n,g\Q \n,,) :^ ^[^^]^_^[^^] i^^sldm (4.3) 

We now use standard path integral techniques. Let us consider the heat 
kernel with the insertion df, 

KdfilA ^A, IB rs] e Hom (a^ r;^Op,,(iV), A^+i T;^%,,{N)) , (4.4) 
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defined by the path integral 

Kdf [lA i^A, IB rn] = J [#] [dr] m dm e~^, (4.5) 
where the boundary conditions are 

(/)(-oo, x) = 7a(x), 0(00, x) = 7b(x), (4.6) 
'(/'(— 00, x) = ipAix) and ip*{oo, x) = ■ip'^{x). (4-7) 

The quantum effect of interest is the quadratic fluctuation around each 
instanton. We denote by (ps a small deformation from an instanton cj), 

(t)s{t, x) = exp^(t^^) s^{t, x), (4.8) 

where s is the deformation parameter and 

Mt,x) =(l){t,x), ^{t,x)\^^^ = ^{t,x) e T^^t,x)N. (4.9) 
Using the expansion, 



grad£'[0s], - grad E[<ps 



2 /'V7 C T . ( C\ V7 C J . lew I /n/'„3 



= s' {VtC - MO, - MO) + 0{s-'), (4.10) 
we obtain the action up to the quadratic order : 

S = E[-fB] - E[-fA] + 5(2) + higher order, (4.11) 

s^^^ = f_^dt £ dx{^ (Vte - MO, - MO) 

+ (V, Vtr - Mi'*)} (T ^ 00). (4.12) 

The treatment of the path integral may be further simplified if the adi- 
abatic approximation applies to Eg. ( [4. 12] ). For this we change the integral 
variable t = Tt and C(t,x) = VT^{t,x) at the same time, so that S^"^^ 
becomes 

5(2) = J'^ dr l'dx{^ (V,e - TMO, V.e - TMO) 

+ {i;,Vrr -TM^*)}- (4-13) 
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Let us expand the tangent vectors ^, t/j and tp* in terms of the eigenfunctions 
of Js, 



oo 

oo 

r{T,x) = Y,r''{r)ui{T,x), 



a=0 



where 



'h uI{t, x) = \1{t) ul, uI{t, x) G T^(Tt,x) 

with the normalization 



N 



(4.14) 
(4.15) 
(4.16) 

(4.17) 



f dx (ul, u^) = 5^p. (4.18) 

J 

A perturbative analysis yields that the eigenfunctions and the corre- 



sponding eigenvalues have the behavior in the large limit T, 

' <^^) + E (tT^ E ^a/3T «'^^') 4^^) for ^ < 0' 

^u^{x) for r > 0, 
(4.19) 



K^) + E 



E 



\B _ \B 



B ^\BTt\„.B 



Al(r) ~ 



fA^+ E 








E 


aa7 


AS<0 





for r < 0, 
for r > 0, 



(4.20) 



where it^ (a = 0,1,...; / = ^, i?) are the eigenfunctions of J-y^ with the 
eigenvalues A/^ and 

ci.. ^/>x{((v.,i^)«. ^)^. 4) . ((v.ij)K. „J) 

+ 2(R(ai, ^)VX, «j) +2(k«. ^)vX, uj)}, (4.21) 
which are T-independent constants. 
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By substituting Eqs.(p^), ( |4T5| ) and into Eq.( |4l3| ), the quadratic 

action takes the form 



5(2) 



P 

+ E r + E - Txl r-)]. (4.22) 



Here the connection cj^^ is defined by 

^IpiT) = (Vrn^(T,2;), uj(r,x)) = -a;J„(r), 

which behaves for large T hke 



(4.23) 



c^^^A^Te^^- for r < 0, 

^« Af >0 



(4.24) 



So comparing this formula Eq.( [4.24 ) with Eq.(4.20) leads to an inequal- 



ity, 



Kpir)\ <. \T Xiir)\ for larger (r / 0). (4.25) 

This implies that the connection terms in Eq.( |4.22] ) can be neglected for the 
large limit T. In other words, the eigenfunctions are covariant constants 
with respect to r within this approximation. 

Returning to the orig inal variable t, i.e., ^"(t) = \/r^"(r), Xa{t) = XI{t) 
and Ua{t,x) = u^{t,x), we get the approximate action. 



1 /d^° 



dt 



Xar 



2\ dt 

and the path integral becomes 



(4.26) 



instanton 



(4.27) 
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Before going into the concrete calculation of Eq.(4.27), we make some 
comments concerning the assumption (A-3) in section II. Let us define the 
subsets of the indices X = {a = 0, 1, ...} in the eigenvalues Xait), 



= {a|A«(-t) > 0}, j'^-^ = {a\Xait) <0} for t 

Then, (A-3) means that the tangent spaces spanned by Ua{t, 
and Ua{t,») {a G satisfy the transversality condition: 



U J 



{-) 



and hence 



(+) 



1, {i\J 



{+) 



i. 



From now on we will write the indices as 



=J\J{-) = + + 2,...}, 
t(-) =J\j{+) = {0, -1}, 



oo. (4.28) 

(a G jW) 

(4.29) 
(4.30) 



(4.31) 
(4.32) 
(4.33) 



Note that ^ is the set associated with the zero mode. 

Now let us turn to the explicit calculation of the path integral Eq. ( [4.27| ) . 
We start with the evaluation of the bosonic fluctuations, which is the func- 
tional determinant of the differential operator such as 



On 



d 



dt 



3- + A„(t) ( — -Xa{t) 



d 



dt 



for a G T. 



(4.34) 



The determinant is easily calculated by the Gelfand-Yaglom method. ^^'^^ 
Using the asymptotic behavior Eq.(4.20), we get the formula up to the a- 
independent normalization : 



detOr 



for aGjW, 
for a£l^~\ 

for aGj(+"), 



(4.35) 



where Cq (a G X) are some constants, which can be eliminated by the con- 
tribution of the ghost fluctuations, and we have also removed the zero mode 
from the determinant in the third formula on the r.h.s.. 
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Secondly, let us consider the contribution from the ghost fluctuations. 
This may be written as 

with B.C. Eq.(4.7). (4.36) 

It should be noticed that if there is no ghst insertion of X^"* ^-component 
{i index), the path integral vanishes because of the zero mode as stated in 
the beginning of this section. The calculation of Eq.(4.36) is straightforward 
and we obtain 



n c-i) f' dx(ue{t,x),^{t,x))[ n e 



^-^--^ n (4.37) 



The boundary term (^ip'§ • • • V'b ) {^a ^ ' ' ' '^\) negative-eigenvalue 
indices, I^^^ for ip^ and T^^-* U X^"' ^ for ip'^, and so it may be identified 
with (see Eq.(|]3|)) 

J'+'^[n^] ® J'^n^r e A^+ir4J7p,,(iV) A%_,np,,{N), (4.38) 

where and denote the frames of T {'y'^TN) and T {-y^TN) defined by 
the eigenfunctions of J^, Ua{t,x) G T^^^^^-^N : 

^i0= lim {uo{t,x), ui{t,x),...) = {uq{x), Ui{x),...), (4.39) 
= Yira{uo{t,x), ui{t,x),...) = (n^(x), uf{x),...). (4.40) 

These frames may be approximated by parallel transporting the frame {uq, ui, ...) 
along the instanton (j) since each vector Ua is almost covariant constant. 
Putting everything together, we have the heat kernel. 



KdfbA ^Pa, IB Vb] = -4= e-(^[^-l-^[^^l (/[7b] - fbA]){ n 



^,e-^- 1^—17^1 {f[jB\- fhA\)[ 
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where N is the normahzation constant and (p runs over the set of instantons 
connecting the two geodesies 7^ and jb- Recah that 



= Yl (\^\ ' e-i|A^I(r)^ u;M^))[e^] (4.42) 



TT 



for the fixed frames ofr{j*jTN), = (e^, e(,...) {I = A,B; m{A) = 
£, m{B) = l + l). From Eq. ([4.3| ), after integrating 17^^, we finally obtain the 
matrix element, 

n n (4.43) 



where 

^% = E (4.44) 



with the product ( • , • ) of Eq. (|3l5D (G"^ ~ (5"^^) 



At this stage we make some remarks. 

1. The terms other than are factorized into the part depending on 
the local data on 7^ and that on 7^, which may be absorbed in the 
normalizations of and Jl-y^ , respectively. 

2. There are no zero-eigenvalues in the Hessian operators evaluated at 
7A and 7^- Therefore, Eq. ([4.43| ) becomes well defined using the C- 
function regularization for the positive eigenvalues. 

3. (5^^ is interpreted as follows. Since both and e"^ (q = 0, 1, ^ — 1) 
are the orthonormal bases of the ^-dimensional negative eigenspace 
A^(7^) C r(7^rA^) {u^ and are in a similar situation), they are 
related by the orthogonal matrix £ 0{£) {O^ G 0(£ + 1)). It 
follows that 

= {detOf) J'^[u^], = {detO^) ^(^+i)[nf], 

(4.45) 
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and hence we have the expression, 

4b = E'^AB (4.46) 

where 6ab{(I>) = (detO^^ (^detO^^, which takes the values ±1 com- 
paring the two orientations of A^(7^) and those of N{'yB)- Following 
Witten's paper,^ we now define a complex {X, 6) : 

X = {X^\e = 0,l,...}, (4.47) 
6 = {5^^) : X^ X^+^ K = 0, 1, ...}. (4.48) 

Here, X^ is in Eg. (3. 36) and S^^^ the linear mapping with matrix ele- 



ments 5^^. Thus 6^^^ is nilpotent, i.e., o j(^) = 0; we can form 

the cohomology associated with {X, 5). 



V EXAMPLE 

Having formulated the complex {X, 6) on the mapping space 0,p^q{N) in 
general form, let us apply to a simple example. 

We consider now N to be the 2-dimensional sphere with the standard 
metric, = {((/)\ (/y^, 4>^) e | {(j)^f + {(t)'^)'^+{(j)^f = 1}. First, remember 
the basic facts concerning Morse theory over Op^g(S^).^^ 

(M-1) Using the local coordinates {(j)^, cjP') defined by the correspondence 
((/>^, 0^, (jr") — > {(j)^, 4P'), we express the metric on S"^ as 

Then a Morse function over J7p^g(S'^) is defined by 

= \ l'dxg,,^^^\ 4> e %,,{S% (5.2) 

where p = (0, 0) and q = (siuK, 0) (0 < k < vr). 

(M-2) The geodesies in Q.p^q{S'^) are the paths which go round the big circle 
m times (m=0,l,...): 

-f^+\x) = (sin(K + 2-Km)x, 0), (5.3) 
7^(-)(x) = (- sin(K + 27rm)x, 0) (k = 27r - k) (5.4) 

with ^m\^) =P and 'ym\l) = q- 
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(M-3) The Morse indices of and 7m ^ are 2m and 2m + 1, respectively. 
In fact we have the following eigenfunctions of J (±):'^^ 

1m 

en{x) = s\.nm:x {Q, \) (n = l,2, ...) (5-5) 

with the corresponding eigenvalues, 

AW = (n7r)2 -{k + 2mTrf for 7W, (5.6) 
X(-) = (mrf -{k + 2mTTf for 7^). (5.7) 

Note that the negative eigenvalues are Ai+) (n = 1,2, ...,2m) and A^, ^ 
(n= l,2,...,2m + l). 

Following the construction Eq.(3.36), we have the approximate physical 
Hilbert space, 

00 

Hphys =^ dimX^ = 1 for all L (5.8) 

We now determine the coboundary operator 5^^'^ : — > X^~^^ . First, 
consider the 0-th coboundary 5^^^ . The relevant instantons are the solutions 
ofEq.(|l|) {T)^ = 4>'gjk), 

dt dx"^ ^■'^ dx dx 

satisfying the conditions <j){—oo, x) = ^q^\x) and </>(oo, x) = 7g \x). Then 
there exist two solutions (j)A{t-,x) {A = R,L,), which are opposite in sign of 
the second component (see Fig.l): 

Mt,x) = {c))\t,x), 4'^it,x)), cl)L{t,x) = {(P\t,x), -02(t,x)), (5.10) 

which have the asymptotic behavior, 

exp (+), , f c*-/^ e'^i ^*ei(x)^ for —00, 

exp^(_)^^-l l^c\ e-^i 'ei{x) j for t ^ 00, 

where are constants such that = — c^'*. It is easy to see that these 
instantons induce the opposite orientations on the 1-dimensional negative 
eigenspace iV(7Q^'') and therefore we have 5(0) = 0. 
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Next, we shall examine the coboundary (^(2™) : — > ^2m+i > 
1). Then the instantons of interest are the solutions of Eq.( |5.9D , which 
asymptotically satisfy the conditions (/>(— 00, x) = 'ym\x) and (^{oo, x) = 

These solutions are constructed as follows: First slice the interval of x, 
I = [0, 1], into small pieces, 

- 1 i 



Ii = 



If we put 



7: 



(+) 



2m + 1 



2m + 1 2m + 1 



im 



I 



2m+l 

U 

i=l 



2m + 1 



(ao 

and 7, 



a2m+i 

(-) 



(5.12) 

q), (5.13) 
express the paths 



then both of the restricted geodesies 

which go from aj_i to Oj and further can be regarded as the geodesies with 
the Morse indices and 1, respectively. So there exist two solutions of 
Eq. (|5.9|) , 0^ (yl = R^L), connecting the geodesies 'yin^ 

Using these solutions as the building blocks we obtain two instantons 
(l)Ait,x) {A = R,L) (see Figs. 2 and 3): 

(t>^]^{t,x) X £ h, 

(/>[2(t,x) X e h, 

4>R{t,x) X e I3, 



(pRit,x) 



(5.14) 



lI2 



7^ (t,x) X e hm+l, 

and (j)L{t,x) is given by exchanging "R" for "L" in the r.h.s.. Then they 
have the asymptotic behavior, 



4>Ait,x) 



exp^(+)(^-, \ c^A^ e^2-+i*e2m+i(2;) 

,(^-) e^2J+i*e2„+i(x) 



exp (-). , I c 
7m m 



for t 
for t 



-00, 



00, 



where are constants such that 



(5.15) 



By the symmetry between (f)fi and (f)L, we get = 0. A gam usmg 

similar analyses, it follows that (5(^'"+^) = 0, so all coboundary operators 
vanish. Therefore the result Eq.(^]^) in a perturbative approximation is the 
exact formula representing the physical Hilbert space. In fact we confirm 
that this formula coincides with the de Rham cohomology H* (r2p_g(S'^)).^^ 
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VI CONCLUDING REMARKS 



In this paper we have taken a specific topological field theory over S = 
IR X [0, 1], whose physical Hilbert space is given by the cohomology of the 
mapping space ^}p^q(N). Further work that is worth considering along these 
lines is an examination of the topological field theory over S = IR x M for 
a Riemannian manifold (M, h), where the action is defined by the same 
formula as Eq.( |2.lD . 

This requires the consideration of Morse theory adapted to the map- 
ping space n{M, N) = {(j) : (M, h) — > (N, fi')}.^^'^^ A natural choice of 
functional on ^}{M, N) is given by 

E|*I = i/„*««W^°^W^^. (0.1) 

Then the critical points of E are harmonic maps. It is known that the 
Hessian operator has finite number of non-positive eigenvalues; one can as- 
sociate the Morse index for each harmonic map. Thus the main problems are 
to construct " instantons" to interpolate between the harmonic maps and 
to determine the coboundary operator of the cohomology complex. This 
general area deserves further attention. 
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APPENDIX. EXPANSION FORMULAS 



In this appendix we prove the expansion formulas Eqs.(3.14) and ( p.23| ). 
Suppose (ps (s £ IR) is a curve on Qp^g{N) such that 



Exp^, (sC) = exp o £ srea, C G T (</>SriV) . 



(A.l) 



a=0 
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Then, (psix) (s G IR, x G [0, 1]) is a family of curves on N and a geodesic for 
any fixed x: 

d(t)s{x) „ d(t)s{x) 



ds 



0, 



ds 



i{x). 



We denote by (a = 0, 1, ...) a basis of T ((/>* TN) and set 



Ya{s,x) = S- 



d 



d 



{expo s + Acq) (x)) 



A=o 



(A.2) 



(A.3) 



It is easy to show that each Ya{s,x) for any fixed x is a Jacobi field on N 
along 4>six): 

(l)s{x)\ d(j)s{x) 



VsVsYa{s,x)+R[ Yo,{s,x 
with the initial conditions, 



ds 



ds 



0, 



y„(0,x)=0, V,ya(0,x) =e«(x). 
So it is immediate that 

V2y„(0,x) =0, V3y„(0,x) = -i?(e„(x), e(x))c(x). 

1 Expansion of Gq,^ 

We define = (9/90°, 9/9(/>f ) and so, from Eq.(^), 

s^Gaf}{s)=[ dx {Yc,{s,x),Yp{s,x)) . 
Jo 

The successive differentiations of Eq.( |A.7 ) yield: 



(A.4) 

(A.5) 
(A.6) 



(A.7) 



£ dx { (vl y„, Yp) + 3 (v^ V, 
+ 3(v,y„ v2y^) + (y„ v3y^)}, (a.s) 



and 



dx { (vf y„, y^) + 4 (v3 y„ v, y^) + 6 (v^ y°, y^ 
+ 4 (v, y,, y^) + (y„ y^)}. (a.9) 
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It follows from these formulas, together with Eqs.( |A.5| ) and 
that the expansion of Gap{s) is given by 



Gap{s) = - ^ C dx (i?(e„, ep) + 0{s^). (A.IO) 

O JO 

Setting s = 1, we obtain Eq.(|l|). 



2 Expansion of grad i^[(/)]Q, 

Using Eqs.( |3.2^ ) and ( [A.3| ), we have 

s {gxa.dE[(j)s]a) 







(A.ll) 



The successive differentiations of Eq.(A.ll) yield: 



grad^[(^s]a + s—g-£adE[4>s\c 
as 



and 



d 



d V 



11 Y 

OX OS ^ OX / 

(A.12) 



2 — grad^[0s]a + s — grad^[</>s]„ 



+ V J 



ds 



ds 



dx ^ ds ' dx 



+ 2 (r(^ 



— V Y 

ax as ^ dx 



(A.13) 



Thus the expansion of grad-E[</>s] is given by 



grad E[ 



Setting s = 1, we obtain Eq.( p.23| ). 



'0 \ UipQ 



dx 



(A.14) 
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FIGURE CAPTIONS 

1. Numerical calculation of two instantons (pA = R^L) going from 
7q'''^ to 7q \ The parameter k is taken to be 7r/2: p = (0,0, 1) and 
q = (1,0,0) on 5^. The dotted lines of the instantons run the back 
side on 5"^. 

2. Numerical calculation of the instanton (p^ connecting 72^^ with 72 
The time flow is 7^"^^ ^ (a) ^ (6) ^ > (e) 7^"^ 

3. Instanton configuration. The upper (lower) semicircles denote the in- 
stantons (^l) connecting the geodesies, which are represented by 

The numbers (0,1,...) denote the Morse indices associated with 
the geodesies. 
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This figure "figl-l.png" is available in "png" format from: 



http://arXiv.org/ps/hep-th/9312100vl 



This figure "figl-2.png" is available in "png" format from: 



http://arXiv.org/ps/hep-th/9312100vl 



This figure "figl-3.png" is available in "png" format from: 



http://arXiv.org/ps/hep-th/9312100vl 



